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I. INTRODUCTION
The problem of constructing control algorithms that allow us to handle time delays is an important issue in system theory. It is a key issue in process control. In fact, time-delay systems can be used to model a large number of phenomena occurring, for example, in engineering [10] , [11] , [17] , and biology [20] .
Dead-time compensation methods are available in the literature for linear systems modeled by a transfer function. These methods have been motivated by the pioneering work in [18] , in which the wellknown Smith predictor is developed. The control of linear time-delay systems represented in state-space form has also been addressed since the early 1970's by considering the input-output decoupling problem [9] , [15] , [19] . In the same manner, the disturbance decoupling problem (DDP) for time-delay systems has been treated using the geometric approach [16] , [21] . At the same time, the stability and stabilization of linear time-delay systems has been studied using Lyapunov-like functions [5] , [6] , [12] .
Only very recently has the control of time-delay nonlinear systems been considered. In [7] and [11] , a Smith predictor is used to control nonlinear chemical processes with an input time delay. Despite these contributions, a general theory for nonlinear time-delay systems remains to be developed.
In this paper, the DDP for a class of single-input-single-output (SISO) nonlinear systems with multiple delays in the input and the state is tackled. The contributions of the paper are as follows:
• pioneering mathematical frame for time-delay nonlinear systems whose viability is shown for solving control problems, such as disturbance decoupling; • classification of various causal compensators (static and dynamic); • necessary and sufficient conditions for the solvability of the DDP by so-called bicausal compensators; • introduction of geometric concepts that are claimed to embody the insight of the structure of time-delay nonlinear systems. This paper is organized as follows. The notations and basic assumptions on the time-delay systems under investigation are stated in Section II as well as some preliminary definitions related to their inherent structure. Section III is devoted to the classification of various causal compensators. In Section IV, the DDP is stated. In Section V (respectively, Section VI), pure shift dynamic solutions (respectively, dynamic solutions) are given to the problem. Finally, some conclusions are presented in Section VII.
II. NOTATIONS AND PRELIMINARY DEFINITIONS
We consider SISO nonlinear time-delay systems described by The notion of relative degree plays a key role in solving some control problems associated with delay-free nonlinear systems (e.g., [8] and [14] ). For this kind of system, the relative degree is nothing, but the order of time differentiation that has to be applied to the output to have explicit dependence on the input. Time-delay systems are, on the other hand, subject to two operators, the time differentiation and time-delay shift, which introduces the definition of a nonnegative integer, the relative degree, and a nonnegative real, the relative shift. These definitions are formalized as follows. 
If, for all (k; ) 2 2 + , @y (k) (t)=@u(t 0 ) = 0, we set = 1.
The following result is a straightforward consequence of Definition 1.
Proposition 2:
If system 6 has a finite relative degree , then
Definition 3: Assume that system 6 has a finite relative degree .
Then, this time-delay system is said to have a relative shift given by
III. NONLINEAR COMPENSATORS FOR TIME-DELAY SYSTEMS
A single operator acts on systems without delay, the differentiation with respect to time. Standard terminology distinguishes static-state feedbacks as a special case of general dynamic compensators. Systems with delays are described by differential-difference equations and subject to two operators, time differentiation and the time shift operator. General compensators for time-delay systems then split into several classes despite whether they have their own dynamics with respect to one or the other operator! One contribution in this section consists in such a classification of compensators and different state feedbacks will be considered in this work, namely, a static memoryless state feedback, a static-state feedback with delays, a pure shift dynamic compensator, and a dynamic compensator. These compensators are defined in Table I, where (1) stands for a generic time (t 0 ) with z 2 , , i 2 + , for 0 i m 0 and for some m 0 2 , with 0 = 0 and z 2 3
, and i are meromorphic functions of their arguments. The class of static memoryless state feedback has already been considered in the case of linear systems with delays [13] , and the class of static feedback with delay can be seen as a generalization of the one used in [4] for the static case. A pure shift dynamic compensator is said to be regular if i, 0 i m 0 and 2 + exist such that (@u(t + ))=(@v(t 0 i)) 6 = 0. In the same way, a general dynamic compensator is said to be regular if`2 , i and 2 + exist such that (@u (`) (t + ))=(@v(t 0 i)) 6 = 0.
The following result follows for Pure shift dynamic compensators with 0 6 = 0, called bicausal compensators.
Proposition 4:
The relative degree and the relative shift are invariant under bicausal compensation.
Proof: First, the relative degree and the relative shift do not decrease under any compensation. Let C denote a bicausal compensator and C 01 its inverse. So, C 01 C is the identity compensator and (C 01 C) = (C) , where (1) denotes the relative degree of the compensated system. These inequalities imply the invariance of
. A similar argument can be used to show the invariance of the relative shift .
IV. STATEMENT OF THE DISTURBANCE DECOUPLING PROBLEM (DDP)
Let us consider SISO nonlinear time-delays system of the form 
V. PURE SHIFT DYNAMIC SOLUTIONS TO THE DDP
We now give a solution for the DDP by means of a pure shift dynamic compensator. We first introduce some concepts and definitions that permit to obtain a geometric characterization of the solution. Such a characterization gives a hint for an eventual generalization of the one recently obtained for linear systems with delays and that may be viewed as a special case of systems over a ring [4] . Given a time-delay i , denote the shift operator r i defined from K to K by r i ((t)) = (t 0 i ). The definition of r i is extended to E by ri(!(t)) = !(t 0 i). 
This notion of integrability will be instrumental to derive a complete solution to the DDP in Theorem 11. Then, ! belongs to a finitely generated formal vector space over K, and therefore, by applying the Frobenius Theorem [3, p. 238], the existence of an integrating factor 2 K is stated.
Remark 7:
The previous result is not more valid when the integrating factor 2 K[r]. Consider ! = dx1(t) + x2(t) dx1(t 0 1) that can be rewritten as ! = (1 + x2(t)r) dx1(t) with an integrating
Similarly to what has been introduced in [4] for linear time-delay systems, let us define a closure of a submodule of M. which is the limit of the following algorithm:
In the special case of linear or nonlinear systems without delays, reduces to the standard notion of a controllability subspace or a controllability codistribution. In plain words, it represents the states not affected by any control or disturbance input, except through the output channels. The submodule V 3 (ImD) has been introduced for linear systems with delays [1] . In this special case, it is proved that = V 3 (ImD) ? . Let 0 be any complementary submodule to so that span K[r] fdx(t);du(t)g = 8 0:
We are now ready to state our main result. and we define the pure shift dynamic compensator
where 2 + and 0 z. If z = 0, this compensator reduces to a static feedback with delay
Then, from ii) and the definition of , the disturbance decoupling problem is solved. Necessity: Assume that the disturbance has been rejected by a bicausal compensator, say, P (r)u(t) = (x(1)) + Q(r)v(t). Define a new bicausal compensator Q(r)v(t) = w(t). The nonlinear compensators considered in Section III can finally be expressed in a more compact form and in accordance to the notation introduced here, as it is shown in Table II , where P (r) and Q(r) 2 K[r].
VI. DYNAMIC SOLUTIONS TO THE DDP
The most general class of dynamic compensators that solve the DDP is now considered, giving some sufficient conditions for its solvability.
First, we extend the notion of relative degree introduced in Sec- b(x(t 0 ); `+ 1 (t 0 )) z(t + z) = 0a(x(t 0 ); i+1 (t 0 ); z(t + z 0 )) + v(t) b(x(t 0 ); `+ 1 (t 0 ))
where 2 + , 0 i 0 0 1, and 0 ` 0 0 2, and then by considering condition ii) of the theorem, the DDP is solved. A sufficient condition for the existence of a dynamic memoryless state compensator that solves the DDP can also be deduced from Theorem 12. This is stated in the following corollary. The conditions of the Theorem 11 are fulfilled, and a static memoryless feedback that solves the problem is given by u(t) = 0x 2 (t) + v(t),
as provided by the proof of the sufficiency.
VII. CONCLUSION
In the present paper, an innovative mathematical frame has been introduced for solving the DDP associated with a class of time-delay nonlinear systems. The geometric concepts introduced give an insight into the system's structure. We claim, as well, that the methods used in this paper may be used for the analysis and synthesis of other control problems associated with time-delay nonlinear systems (e.g., the input-output linearization problem).
